A nongraphic matroid M is said to be almost-graphic if, for all elements e, either M\e or M/e is graphic. We determine completely the class of almost-graphic matroids, thereby answering a question posed by Oxley in his book "Matroid Theory." A nonregular matroid is said to be almost-regular if, for all elements e, either M\e or M/e is regular. An element e for which both M\e and M/e are regular is called a regular element. We also determine the almost-regular matroids with at least one regular element.  2002 Elsevier Science (USA)
INTRODUCTION
In this paper we solve the following problem proposed by Oxley [8, Sect. 14. 8.7] : Find all binary matroids M such that for all elements e, either M\e or M/e is graphic. Such matroids are called almost-graphic matroids. The problem of characterizing the almost-graphic matroids is a specific instance of the following general problem: For a class that is closed under minors and isomorphisms characterize those matroids which are not in , but for every element e, either M\e or M/e is in . Matroids of this type are referred to as almost-matroids. For example, Oxley [6] characterized the class of almost-binary matroids. Let U r n denote the uniform matroid with rank r and n elements. Theorem 1.1. M is a three-connected nonbinary matroid such that, for every element e of M, either M\e or M/e is binary if and only if M is isomorphic to U 2 n or U n−2 n for some n ≥ 4 or both the rank and corank of M exceed 2 and M can be obtained from a three-connected binary matroid by relaxing a circuit hyperplane.
Other results of this type include Gubser's [1] characterization of almostplanar matroids, which we will discuss at the end of this section, and Mills' [4] characterization of matroids that are almost series-parallel networks. In Section 2 we describe the almost-graphic matroids and state the almost-graphic theorem. In Section 3 we give a method for obtaining new almost-matroids from existing almost-matroids, provided the class is also closed under direct sums, two-sums, and generalized parallel connection. In Section 4 we characterize the binary single-element extensions of wheels. In Sections 5 and 6 we characterize subclasses of almost-regular matroids. In Section 7 we characterize the almost-regular matroids with at least one regular element. In Section 8 we put together all the pieces to characterize the binary almost-graphic matroids. Finally, in Section 9 we determine the binary almost-graphic matroids with circuit-hyperplanes and use them to determine the nonbinary almost-graphic matroids.
The matroid terminology used here will in general follow Oxley [7] . A matroid M is three-connected if it is connected and E M cannot be partitioned into subsets X and Y , each having at least two elements, such that r X + r Y − r M = 1. If M and N are matroids on the sets S ∪ e and S, where e ∈ S, then M is an extension of N if M\e = N, and M is a coextension of N if M * is an extension of N * . If N is a three-connected matroid, then an extension M of N is three-connected provided e is not in a oneor two-element circuit of M and e is not a coloop of M. Likewise, M is a three-connected coextension of N if M * is a three-connected extension of N * . If x y is a circuit of the matroid M, we say that x and y are in parallel in M. If instead, x y is a cocircuit of M, then x and y are in series in M. The matroid M is a parallel extension of N if N = M\T and every element of T is in parallel with some element of M not in T . Series extensions are defined analogously. We call M a series-parallel extension of N if M can be obtained from N by a sequence of operations, each of which is either a series or a parallel extension. A series-parallel extension of a singleelement matroid is called a series-parallel network. For convenience, series extensions, parallel extensions, and series-parallel extensions are denoted as s-extensions, p-extensions, and sp-extensions, respectively.
For any matroid M not in , define C M = e ∈ E M : M/e ∈ and D M = e ∈ E M : M\e ∈ . We say M is almost-if C M ∩ D M = φ. In this case, define R M = E M − C M ∪ D M . If M is almostthen its dual M * is almost-with C M * = D M , D M * = C M , and R M * = R M . Let H be a minor of M such that H ∈ . Observe that, C H ⊆ C M , D H ⊆ D M , and R M ⊆ R H .
The direct sum and two-sum of matroids M 1 and M 2 are denoted as M 1 ⊕ M 2 and M 1 ⊕ 2 M 2 , respectively. Suppose M 1 and M 2 are binary matroids such that E M 1 ∩ E M 2 = T and M 1 T = M 2 T . Let N = M 1 T . If 1 ≤ r N ≤ 2 and N is closed in M i for i ∈ 1 2 , then T is a modular flat in M 1 and M 2 . In this case the generalized parallel connection of M 1 and M 2 , denoted by P N M 1 M 2 , is defined. If T = p , denote by P M 1 M 2 the parallel connection of M 1 and M 2 with respect to p. If T is a triangle, then denote by P M 1 M 2 the generalized parallel connection of M 1 and M 2 with respect to . A nonempty sequence T 1 T 2 T k of triangles and triads in M is a chain of length k if for i ∈ 1 2 k − 1 :
(i) exactly one of T i and T i+1 is a triangle and the other is a triad;
(ii) T i ∩ T i+1 = 2; and
For each i, T i is called a link in the chain. A fan is a maximal chain in a three-connected matroid, which is neither a wheel nor a whirl. A type-1 fan is a fan in which both T 1 and T k are triangles. A type-1 fan is nontrivial if it has at least three links. Unless specified, type-1 fans are assumed to be nontrivial. For n ≥ 3, let W n denote the wheel graph with n spokes. Label the spokes of W n as s 1 s 2 s n and the rim elements as r 1 r 2 r n such that s i s i+1 r i are triangles for i ∈ 1 2 n with s n+1 = s 1 . We will use the following result by Oxley and Wu [8] : Proposition 1.2. Suppose M is a three-connected matroid with a chain, labeled as s 1 r 1 s 2 r 2 s n−1 r n−1 s n such that T i = s i r i s i+1 is a triangle for i ∈ 1 2 n − 1 and T i = r i s i+1 r i+1 is a triad for i ∈ 1 2 n − 2 . Then M = P H M W n \r n , where = s 1 s n r n and H is obtained from M\ s 2 s n−1 / r 1 r n−2 by relabeling r n−1 as r n . Moreover, either H is three-connected or r n is in a unique two-circuit of H and H\r n is three-connected.
We say that H is obtained from M by decomposing the chain and M is obtained from H by sticking the chain along triangle s 1 r n s n . In this paper the chains we are concerned with are type-1 fans and we will frequently speak of sticking a fan along a triangle with specified basis points. The next result is Seymour's well-known theorem on the decomposition of regular matroids [7, Sect. 13.2.2] . The matroid R 10 is a splitter for the class of regular matroids. It is almost-graphic since, for every element e, R 10 \e ∼ = M K 3 3 and R 10 /e ∼ = M * K 3 3 . A binary matrix representation for R 12 is shown below: Observe that R 12 is not almost-graphic since for e ∈ 3 4 7 8 11 12 , both R 12 \e and R 12 /e are cographic. For n ≥ 3, let B 3n+1 be the bicycle wheel with rank n + 1 and 3n + 1 elements. It is described in [1] as the graph with n + 2 vertices formed from a cycle on n vertices and a single edge z incident with no vertices of the rim by joining each endpoint of z to each vertex of the rim. Label the n edges of the rim as c 1 c n . Label the spokes originating from one of the middle vertices as a 1 a n and from the other as b 1 b n (see Fig. 1 ). Observe that, B 10 ∼ = K 5 , the complete graph on five vertices. For n ≥ 3, let µ 2n denote the Mobius ladder with 2n vertices, that is, the graph formed from the cycle with 2n vertices and edges labeled 1 2 2n so that every pair of diametrically opposite vertices is joined by an edge. Observe that µ 6 ∼ = K 3 3 . Let M K 3 3 be the graph labeled as shown in length m, n, and r along the above triangles with basis points ux 1 , for n ≥ 3 µ 2n for n ≥ 3 1 m n r , or 2 m n r for m n r ≥ 1.
The regular almost-graphic matroids are easily obtained from the almostplanar graphs as shown below.
where G is isomorphic to a threeconnected nonplanar minor of B 3n+1 for n ≥ 3 µ 2n for n ≥ 3 1 m n r , or 2 m n r for m n r ≥ 1. Proof. Suppose M is a three-connected regular almost-graphic matroid. Then M is graphic or cographic or M has a minor isomorphic to R 10 or R 12 . Since R 10 is a splitter for the regular matroids and R 12 is not almost-graphic, it follows that M is cographic or isomorphic to R 10 . If M is cographic, then M = M * G , where G is a simple three-connected nonplanar graph. Since for every element e, either M\e or M/e is a graphic matroid, therefore G\e or G/e is a planar graph. The result follows from Theorem 1.4.
THE MAIN THEOREM
We begin this section by describing the families of almost-graphic matroids. For n ≥ 3, consider the binary matroid S 3n+1 obtained from B 3n+1 by replacing edge c n with an element that forms a circuit with each of a 1 a n z and b 1 b n z. We call z the anchor of S 3n+1 . Figure 2 gives a binary matrix representation for S 3n+1 . In the picture, identifying x with a 1 and y with b 1 gives the graph B 3n+1 . Identifying x with b 1 and y with a 1 gives an illustration of the triangles in S 3n+1 and is useful for the proofs in Section 7. Note that S 3n+1 is nonregular and has no graphic representation. Table I lists the deletions and contractions of S 3n+1 . Observe that, for i ∈ 1 n , S 3n+1 /c i \a i b i ∼ = S 3n−2 and S 3n+1 \z is isomorphic to the dual of the Mobius ladder. Moreover, S 3n+1 is almost-graphic with C S 3n+1 = c 1 c n , D S 3n+1 = a 1 a n b 1 b n , and R S 3n+1 = z . Next, we describe an important family of matroids whose duals are restrictions of S 3n+1 . For n ≥ 3, let M S n denote the binary three-connected single-element extensions of M W n , where S is a subset of the spokes FIGURE 2 and the new element x forms a circuit with S, that is, the set S ∪ x is a circuit. The matroid M S n is represented by the matrix I n D n x , where the nonzero elements of column x correspond to the spokes in S. Observe that, M s 1 s 2 s 3 3 ∼ = F 7 , M s i s i+2 4 ∼ = M K 5 \e , and M s 1 s 2 s 3 s 4 4 ∼ = M * K 3 3 . For convenience, we denote M S n with S = n as F 2n+1 . The circuits of F 2n+1 are spanned by the circuits of M W n together with the circuit s 1 s n x . Two important families of the form M S n are M s i s i+1 s i+2 n and M s i s i+1 s k n for n ≥ 3, i = 1 n , s n+1 = s 1 , s n+2 = s 2 , and k = i i + 1. Label the Fano matroid as F 7 = M s i s i+1 s i+2 3 . The triangles of F 7 are s i s i+1 r i , s i+1 s i+2 r i+1 , s i+2 s i r i+2 , s i r i+1 x , s i+1 r i+2 x , s i+2 r i x , and r i r i+1 r i+2 . The family M s i s i+1 s i+2 n is obtained from F 7 by sticking a type-1 fan along a triangle with two spokes, say s i+2 s i r i+2 , with the spokes as basis points. The family M s i s i+1 s k n is obtained from F 7 by sticking type-1 fans along two triangles (with two spokes each), say s i+2 s i r i+2 and s i+1 s i+2 r i+1 , with the spokes as basis points.
The matroid F 7 also gives rise to two unusual families of matroids obtained by sticking type-1 fans along each of three triangles with a common element, say, for example, s i r i+1 x , s i+1 r i+2 x , and s i+2 r i x . For m n r ≥ 1, let 1 m n r be the infinite family obtained by sticking type-1 fans of length m, n, and r along the above triangles with basis points 
sp-ext of a wheel other rim elements sp-ext of a wheel p-ext of M S n − 1 a For k ≥ 4 G 2k is the cycle with k + 1 vertices and edges s 1 s k s k+1 along with additional edges r i such that s i s i+1 r i forms a triangle for i ∈ 1 k − 1 . Note that G 8 ∼ = W 4 and G 10 ∼ = K 5 \e * with an additional edge. b For k ≥ 5, H 2k is the cycle with k vertices and edges s 1 s k along with additional edges r i such that s i s i+1 r i forms a triangle for i ∈ 1 k with s k+1 = s 1 . Note that
c The matroid M depends on the spoke deleted. For example, if one of the m − 2 spokes from the type-1 fan with length m is deleted we get 1 m − 1 n r . In all cases the rank is reduced by one.
d Similar to the previous footnote.
as s i x; s i+1 x; and r i x; respectively. Let 2 m n r be the infinite family obtained by sticking type-1 fans of length m, n, and r along the above triangles but with basis points as s i x; s i+1 x; and s i+2 x; respectively. The ranks of these two families are 3 + m − 2 + n − 2 + r − 2 = m + n + r − 3. Table I lists the deletions and contractions of the above matroids. Observe that, 1 m n r and 2 m n r are almost-graphic with R M = 0. The next two theorems are the main results in this paper. Theorem 2.1 characterizes the binary almost-graphic matroids and Theorem 2.2 presents the almost-graphic theorem in its full generality. The proofs of these theorems are detailed in the remaining sections. 
Theorem 2.2. A three-connected matroid M is almost-graphic if and only if M or M
* is nongraphic and is isomorphic to (i) a three-connected restriction of R 10 S 3n+1 for n ≥ 3 1 m n r , or 2 m n r for m n r ≥ 1;
(ii) the dual of a three-connected restriction of M B 3n+1 for n ≥ 3, M 1 m n r , or M 2 m n r for m n r ≥ 1; (iii) W n for n ≥ 3, U 2 n or U n−2 n for n ≥ 4; or (iv) A relaxation of a three-connected nongraphic restriction of S 3n+1 for n ≥ 3 or 2 m n r for m n r ≥ 1.
TYPE-1 FANS AND ALMOST-MATROIDS
From this section onward we assume that the class in addition to being closed under minors and isomorphism is also closed under duals, direct sums, two-sums, and generalized parallel connection. Therefore, the excluded minors of are three-connected. The first proposition in this section establishes that we do not lose generality by studying only threeconnected almost-matroids. The next proposition describes triangles and triads in almost-matroids. 
Then for every e ∈ E M 2 M\e = M 1 ⊕ M 2 \e and M/e = M 1 ⊕ M 2 /e. Since M 1 ∈ , both M\e and M/e are not in and we arrive at a contradiction.
(ii) Next, suppose A B is a two-separation of M. Then, M can be written as the two-sum of matroids M 1 and M 2 , such that E M 1 = A ∪ p and E M 2 = B ∪ p , where A ∪ B = E M and p is the new element [7, Sect. 8.3.1] . Since M ∈ , either M 1 ∈ or M 2 ∈ , say M 1 ∈ . We will prove that B is contained in a series or parallel class of M. Choose a circuit C of M which meets both A and B such that C ∩ B is maximum. If Proof. (i) Suppose e is in a triangle e f g in M. Then f g are in parallel in M/e. Since M/e ∈ , both M/e\f ∈ and M/e\g ∈ . Consequently, M\f ∈ and M\g ∈ . Hence f g ⊆ D M .
(ii) Suppose M/e has a two-seperation A B . Then since e ∈ C M , and is closed under minors, M/e is almost-. Proposition 3.1(ii) implies that A or B is contained in a series or parallel class of M/e. Without loss of generality, suppose B is contained in a series or parallel class of M/e. Since M is three-connected, M/e has no nontrivial series class. Therefore, B is contained in a parallel class of M/e and M/e B is isomorphic to U 1 B . It follows that M B ∪ e is isomorphic to U 2 B +1 . Finally, since M is binary, B = 2.
(iii) Clearly M/e is almost-. Suppose, if possible, M/e is not threeconnected. Then M/e has a two-seperation A B . It follows from Proposition 3.1(ii) that A or B is contained in a series or parallel class of M, say B. As in the previous part, we can show that M B ∪ e is isomorphic to U 2 B +1 . Therefore, B ∪ e is a union of triangles in M, which contradicts the hypothesis that e is not in any triangle of M. Therefore, M/e is three-connected.
In the next result we prove that the matroid obtained by sticking a type-1 fan along a triangle of an almost-matroid is also almost-. Since the classes of regular and graphic matroids are closed under the operation of generalized-parallel connection [7, Sect. 12.4.19] , this result gives us a way of constructing new almost-regular and almost-graphic matroids from existing almost-regular and almost-graphic matroids, respectively. Proof. Suppose M is almost-with C M and D M as described above. Suppose, if possible, r n ∈ D H . Observe that M/ r 1 r n−1 − r j \ s 2 s n−1 ∼ = H for every j ∈ 1 n − 1 . Therefore, since H ∈ , M/r i ∈ for i = 1 n − 1 . Next observe that M\r i is isomorphic to a series-parallel extension of H\r n . Since r n ∈ D H , H\r n ∈ , which contradicts the hypothesis that M is almost-. Therefore, r n ∈ C H ∪ R H .
Conversely, suppose r n ∈ C H ∪ R H . We will first show that C H − r n ⊆ C M and D H ⊆ D M . Let e ∈ C H − r n . Then [7, Sect. 12.4 .14] implies that M/e = P H/e M W n \r n . Since the generalizedparallel connection is closed under , M/e ∈ if and only if H/e ∈ . Therefore, C H − r n ⊆ C M . Similarly if e ∈ D H , then H\e = P H\e M W n \r n and M\e ∈ if and only if H\e ∈ . Therefore D H ⊆ D M . Next, we will show that r 1 r n−1 ⊆ C M . Since M/ r 1 r n−1 − r j \ s 2 s n−1 ∼ = H for every j ∈ 1 n − 1 and H ∈ ; therefore, for i ∈ 1 2 n − 1 M/r i ∈ . Observe that M\r i is isomorphic to a series-parallel extension of H\r n . Since H is almost-and r n ∈ C H ∪ R H , it follows that H\r n ∈ and consequently, M\r i ∈ .
Next we will show that s 2
follows from the fact that M\s i / r 2 r n−1 \ s 2 s i−1 s i+1 s n−1 ∼ = H and H ∈ . Observe that, for i ∈ 2 n − 1 , M/s i is isomorphic to a series-parallel extension of H\r n . Again, since H\r n ∈ , it follows that M/s i ∈ . It remains to show that s 1 s n ⊆ D M . Since r 1 and r 2 are in series in M\s 2 and M\s 2 ∈ , therefore, M\s 2 /r 1 ∈ . However, s 1 and s 2 are in parallel in M/r 1 . So M\s 1 /r 1 ∼ = M\s 2 /r 1 and consequently M\s 1 /r 1 ∈ . Therefore, M\s 1 ∈ . Observe that M/s 1 ∼ = P r n s n H/s 1 M W n /s 1 \r n . Since r n and s n are in parallel in H/s 1 , P r n s n H/s 1 M W n /s 1 \r n = P H/s 1 \r n M W n /s 1 \r n . Moreover, H/s 1 ∈ because otherwise s 1 ∈ C H and by Proposition 3.2(i) r n ∈ D H , which is a contradiction. Therefore, H/s 1 \r n ∈ and consequently M/s 1 ∈ . Similarly we can show that M/s n ∈ and M\s n ∈ . Therefore, s 1 s n ⊆ D M .
A CHARACTERIZATION OF BINARY SINGLE-ELEMENT EXTENSIONS OF WHEELS
The following lemma whose proof is obvious will be used frequently in this section. (
Proof. (i) Since s i ∈ S, M S n /r i \ s i x ∼ = M S n − 1 \x and S ∪ x is a circuit of both M S n /r i \s i and M S n − 1 . The result follows from Lemma 4.1.
(ii) Since s i s i+1 ∈ S, M S n /r i \ s i x ∼ = M S − s i s i+1 n − 1 \x. Next, since M S n is binary and S ∪ x and s i s i+1 r i are circuits in M S n , S ∪ x s i s i+1 r i = S − s i s i+1 ∪ r i x is also a circuit of M S n . Therefore, S − s i s i+1 ∪ x is a circuit of M S n /r i \s i . However, S − s i s i+1 ∪ x is also a circuit of M S − s i s i+1 n − 1 and the result follows from Lemma 4.1. Proof. We prove this result by induction on n. Suppose that the result holds for all m < n and consider the matroid M S n . If every spoke of M W n belongs to S, then M S n = F 2 S +1 and the result follows. Therefore, suppose there is a spoke s i ∈ s 1 s n such that s i ∈ S. Observe that, r i r i+1 s i+1 is a triad of M W n . Since S ∪ x is a circuit and S ∪ x ∩ r i r i+1 s i+1 = 1, r i r i+1 s i+1 is a triad of M S n . Let be a nontrivial type-1 fan of M S n having r i r i+1 s i+1 as a triad and let s i and s i+k be the terminal elements of , such that
is nontrivial, k is at least 2 and the result follows by applying the induction hypothesis to M S n + 1 − k .
Proposition 4.4. For n ≥ 3, M S n is nonregular if and only if S is odd. Moreover, when S is even, M S n is graphic if S = 2 and cographic otherwise.
Proof. Lemma 4.3 implies that, for n ≥ 3, the infinite family M S n can be constructed from F 2 S +1 by sticking nontrivial type-1 fans along triangles. Since regular matroids are closed under generalized-parallel construction, M S n is regular if and only if F 2 S +1 is regular. Therefore, we need to prove that F 2n+1 is nonregular if and only if n is odd. Suppose n is odd. Repeated application of Lemma 4.2(iv) implies that F 2n+1 has a minor isomorphic to F 7 . Therefore, F 2n+1 is nonregular. Conversely, suppose F 2n+1 is nonregular and suppose if possible n is even. Recall that, F 2n+1 is represented by the matrix I n D n x , where D n is a circulent matrix with two ones in each column and x is a column of ones. Lemmas 1.8, 3.1, and 2.2 of Lemos [2] implies that I n D n x is unimodular. This implies that F 2n+1 is regular, which contradicts the hypothesis. It remains to show that when S is even, M S n is graphic if S = 2 and cographic otherwise. Suppose S = 2, say S = s i s j , i = j; then M S n is isomorphic to the cycle matroid of the graph obtained from W n with edge e joining spokes s i and s j . Therefore, M S n is graphic. Suppose S ≥ 4; then Lemma 4.2(i) and (ii) imply that M S n has a minor isomorphic to M * K 3 3 . Therefore, M S n is not graphic. Theorem 1.3 implies that M S n may be graphic or cographic or may have a minor isomorphic to R 10 or R 12 . Note that R 10 is a splitter for regular matroids. If M S n has an R 10 -minor, then M S n is isomorphic to R 10 ; a contradiction since M S n is odd. Similarly, M S n is not isomorphic to R 12 . Suppose, if possible, M S n is isomorphic to a regular matroid with an R 12 minor. Then since M S n is three-connected it can be decomposed as a three-sum of proper minors; a contradiction since M S n is equal to F 2n+1 or the generalized parallel connection across a triangle of matroids of the form F 2n+1 and M W n with the rim element of the triangle deleted.
Since n is odd, n − 2 is odd and Proposition 3.4 implies that F 2n+1 /r i \s i is nonregular. Therefore, for i ∈ 1 n , F 2n+1 /r i and F 2n+1 \s i are nonregular. It follows from Table I that F 2n+1 \r i and F 2n+1 /s i , F 2n+1 \x, and F 2n+1 /x are graphic matroids.
We will now determine those matroids that can be obtained from F 2k+1 by sticking type-1 fans along triangles. Suppose k ≥ 5 and k odd. The only triangles in F 2k+1 are of the form s i s i+1 r i . Since r i ∈ C M , Propositions 3.3, 4.5, and Lemma 4.3 imply that the almost-graphic matroids obtained from F 2k+1 are of the form M S n , n ≥ 5, S odd with C M = r 1 r 2 r n , D M = s 1 s 2 s n , and R M = x . Next suppose k = 3. In this case F 2k+1 = F 7 and every element of F 7 is in R F 7 .
Recall that any two triangles in F 7 intersect in exactly one element. Suppose we stick a type-1 fan along triangle T = a b c , where a and b are the basis elements. Then a b ⊆ D M and we get a matroid with four regular elements. This matroid is isomorphic to M s i s i+1 s i+2 n with R M = r i r i+1 s i+1 x . Suppose we stick a second type-1 fan along a triangle T . Then T has exactly one element in common with T and the common element cannot be c. So T contains a or b. Suppose T = a d e . Since a ∈ D M , a must be a basis element of the second type-1 fan. Suppose d is the other basis element. Then a b d ⊆ D M and we get a matroid with two regular elements. This matroid is isomorphic to M s i s i+1 s k n with R M = r i x . Finally, suppose we stick a third type-1 fan along a triangle T . Then T must have an element in common with T and an element in common with T . Since these elements cannot be c and e, T ∩ T contains a or b and T ∩ T contains a or d. If a ∈ T , then T = a f g . So a must be a basis element of the type-1 fan and the other basis element could be f or g and we get two possible matroids, each with zero regular elements. These two possibilities give rise to the nonisomorphic matroids 1 m n r and 2 m n r . If a ∈ T , then T = b d f . So b and d must be the basis elements of the third type-1 fan and we get a matroid with one regular element. This matroid is isomorphic to M S n with S = 3 and S having no consecutive spokes and with R M = x . The next corollary follows from the above discussion.
Corollary 4.6. The almost-graphic matroids obtained from F 2n+1 for n ≥ 3 and n odd are M S n for n ≥ 3 and S odd, 1 m n r , and 2 m n r . Moreover
(ii) For n ≥ 3 and S = 3, if S has three consecutive spokes s i s i+1 s i+2 , then R M = r i r i+1 s i+1 x ; if S has two consecutive spokes s i s i+1 , then R M = r i x ; if S has no consecutive spokes, then R M = x .
(iii) 1 m n r and 2 m n r are almost-graphic matroids with zero regular elements.
THE BINARY ALMOST-REGULAR MATROIDS WITH NO S 10 -MINOR
Suppose M is a binary three-connected nonregular matroid. Then Seymour's splitter theorem [7, Sect. 11.2.1] implies that M can be obtained from F 7 or F * 7 by a sequence of extensions and coextensions. Clearly F 7 is almost-graphic with R F 7 = 7. The matroid F 7 has no binary threeconnected single-element extensions and two binary three-connected singleelement coextensions, namely, S 8 and AG 3 2 , both of which are self-dual. Observe that AG 3 2 is not almost-regular since every single-element deletion and contraction of AG 3 2 is isomorphic to F * 7 and F 7 , respectively. The matroid S 8 is almost-graphic with R S 8 = 6. It has two nonisomorphic binary three-connected single-element extensions, namely P 9 and Z 4 [5] . The matroid Z 4 is not almost-regular since it has an AG 3 2 minor and P 9 ∼ = M s 1 s 2 s 3 4 , which is almost-graphic with R P 9 = 4. The matroid P 9 has three nonisomorphic three-connected single element extensions of which the only extension that matters is S 10 since the other two are not almost-regular. The detailed computations are presented in the Appendix. Recall from Table I that S 10 is almost-graphic with R S 10 = 1.
Lemma 5.1. Suppose M is a three-connected binary almost-regular matroid. Then R M ≤ 4 for all matroids other than F 7 , F * 7 , and S 8 . Proof. It follows from the above discussion that if M is an almostregular matroid with E M ≥ 9, then M must have a minor isomorphic to P 9 or P * 9 . Therefore R M ≤ 4.
Lemma 5.2. The matroids F * 7 1 m n r 2 m n r , and M S n for n ≥ 3 and S odd have no S 10 -minor.
Proof. Clearly F 7 and F * 7 have no S 10 -minor. Suppose the result is not true and choose a counterexample M of the form 1 m n r 2 m n r , or M S n , n ≥ 5 S odd, such that E M is as small as possible. Then, there are subsets X and Y of E M such that M\X/Y ∼ = S 10 . Suppose, if possible M has a triad T = c c d . Then T is a triad of a type-1 fan of M and c and c belong to triangles in . Since S 10 does not have any triads, at least one of c or c belongs to Y , say c. However, in M/c, the element d is in parallel with an element d . Therefore, M/c\d is a matroid of the form 1 m n r , 2 m n r , or M S n and has S 10 as a minor. It follows from Proposition 1.2 that we have a contradiction to the choice of M. Therefore M has no triads. The only matroids of the form 1 m n r , 2 m n r , and M S n without triads are F 2n+1 for n ≥ 5, n odd and Table I verifies that F 2n+1 has no S 10 -minor.
We say that a three-connected binary matroid M is minimal if every element of C M is in a triangle of M. A minimal matroid is irreducible if every triad T has the property that T ∩ D M = φ.
Theorem 5.3. A matroid M is a three-connected almost-regular matroid with no S 10 -minor if and only if M is isomorphic to F *
7 or a coextension of a matroid of the form 1 m n r , 2 m n r , or M S n for n ≥ 3 and S odd.
Proof. Proposition 3.2(iii) implies that every three-connected binary almost-regular matroid with no S 10 -minor is isomorphic to a coextension of a minimal matroid with no S 10 -minor. Therefore, we must prove that M is a minimal three-connected almost-regular matroid with no S 10 -minor if and only if M is isomorphic to F * 7 , 1 m n r , 2 m n r , or M S n for n ≥ 3 and S odd. Lemma 5.2 implies these matroids have no S 10 -minor. Moreover, they are also minimal since every element in C M is in a triangle. Conversely, suppose M is a minimal almost-regular matroid with no S 10 -minor. Suppose M has a triad T such that T ∩ D M = φ. Then T is a link in a nontrivial type-1 fan of M. Proposition 1.2 implies that the matroid obtained by decomposing all such type-1 fans is irreducible with no S 10 -minor. It follows from Corollary 4.6 that the next lemma is sufficient to complete the proof of the theorem.
Lemma 5.4. A matroid M is an irreducible almost-regular matroid with no S 10 -minor if and only if
Proof. Let M be an irreducible almost-regular matroid with no S 10 -minor. The proof is by induction on r M . Lemma 1 in the Appendix shows that the result holds up to rank 5. Therefore, we may suppose that r M ≥ 6. Let C M = r 1 r 2 r n . Lemma 2 in the Appendix implies that n ≥ 4. Let M i be the simple matroid associated with M/r i . Since M is minimal, each r i is in at least one triangle of M. So there is some X i ≥ 1 such that M i = M/r i \X i . Next, since C M i ⊆ C M − r i , every element of C M i is in a triangle of M/r i and therefore in a triangle of M i . So, M i is minimal. Moreover, M i has no S 10 -minor. Therefore, by the induction hypothesis M i is obtained from F 2n i +1 , n i ≥ 3, n i odd, by sticking type-1 fans along triangles and r * M i − r M i = 1.
Proof. Observe that, for i ∈ 1 2 n r M = r M i + 1 and
Suppose if possible, X i ≥ 2. Now r i belongs to just one triangle T of M/r k \X k , when r i ∈ C M k . Proposition 3.1(ii) implies that every nontrivial parallel class of M/r k has two elements. So r i belongs to at most four triangles of M/r k (r i belongs to four triangles of this matroid when the parallel class of each element of T − r i is nontrivial). Since two triangles which contain r i in M can have just one element in common, it follows that only two of these triangles can be triangles of M. Hence X i = 2. Moreover, the parallel class of the elements belonging to T − r i in M/r k are nontrivial. Since M/r k has only two nontrivial parallel classes, it follows that there is an element r j of C M k such that the triangle of M/r k , which contains r j , intersects at most one nontrivial parallel class of M/r k . We arrive at a contradiction. Therefore, X i = 1 and r * M − r M = 1.
Returning to the proof of Lemma 5.4, we may suppose that M i = M/r i \s i , where T i is the triangle of M which contains r i and s i ∈ T i . Assume that M i has at least one triad T . Since T is not a triad of M, T ∪ s i is a cocircuit of M. Moreover, since s i is in parallel with an element of M/r i , it follows that s i is in parallel with the element in T ∩ D M i . So T is unique. Therefore, M i is obtained from F 2n i +1 by sticking exactly one type-1 fan of length 3 along a triangle. Suppose, if possible, n i = 3. Then since r M i ≤ 4, r M = r M i + 1 ≤ 5 and E M = E M i + 2 ≤ 11, which is a contradiction. So we may assume that n i ≥ 5 and M i ∼ = M S n − 1 with S = n − 2 and n ≥ 7 or S = n − 1 and n ≥ 6. 6. THE BINARY ALMOST-REGULAR MATROIDS WITH NEITHER S 10 NOR S *
-MINOR
We begin this section by determining which of the minimal matroids with no S 10 -minor also have no S * 10 -minor. Lemma 6.1. The minimal matroids with neither S 10 nor S * 10 -minor are F * 7 , F 11 , 1 m n r , 2 m n r , or M S n for n ≥ 3 and S = 3 with at least two consecutive spokes.
Proof. Theorem 5.3 implies that the minimal matroids with no S 10 -minor are F * 7 1 m n r 2 m n r , or M S n n ≥ 3 S odd. Clearly F * 7 and F 11 have no S * 10 -minor since r S * 10 = 6. For n ≥ 6, S ≥ 5, Lemma 4.2(i) and (ii) imply that M S n has a minor isomorphic to M s 1 s 2 s 3 s 4 s 5 6 . The matroid M S n , where S = 3 with no consecutive spokes, has a minor isomorphic to M s 1 s 3 s 5 6 . Observe that each of M s 1 s 2 s 3 s 4 s 5 6 \s 1 s 3 s 5 and M s 1 s 3 s 5 6 \s 1 s 3 s 5 is isomorphic to S * 10 . Table I verifies that 1 m n r and M S n , n ≥ 3, and S = 3 with at least two consecutive spokes do not have an S * 10 -minor. It remains to show that 2 m n r has no S * 10 -minor. This follows from Table I and Lemma 4 in the Appendix.
Continuing the computations begun in Section 5, the details of which are in the Appendix, we see that there is one unusual matroid, M E 5 , which is a single-element extension of P * 9 [3] .
Observe that M E 5 is almost-regular but not almost-graphic. For e ∈ 2 4, 5 6 , M E 5 \e ∼ = series extension of M W 4 and M E 5 /e ∼ = P 9 ; for e ∈ 1 8 9 10 , M E 5 \e ∼ = P * Proof. Lemma 6.1 implies that the above matroids have neither S 10 -nor S * 10 -minor. Suppose M is a three-connected almost-regular matroid with neither S 10 -nor S * 10 -minor. Theorem 5.3 implies that M is a coextension of a matroid in = 1 m n r 2 m n r M s i s i+1 s i+2 n M s i s i+1 s k n . Taking the dual if necessary, Corollary 5.6 implies that r * M − r M ∈ 0 1 . If r * M − r M = 1, then M is a minimal matroid. So M ∈ . Therefore we may assume that r M = r * M . The proof is by induction on r M . Lemmas 1 and 4 in the Appendix show that the result holds up to rank 6 and 12 elements and Lemma 3 shows that M cannot have M E 5 , F 11 , or F * 11 as a minor. So, we may assume that r M ≥ 7 and E M ≥ 14. To prove the theorem we must show that M is isomorphic to a single-element deletion of a matroid in .
Suppose M has a triangle T and a triad T * such that T ∩ T * = φ. Then since M is binary, M has a chain of length at least 2. Let H = P M M W 3 \r, where M and M W 3 have = T as the set of common elements and r ∈ T is a rim element. Proposition 3.3 implies that H is an almost-regular matroid with a chain of length at least 4. Let = T * T 1 T 2 T 3 be a subchain of this chain with T * and T 2 as triads and T 1 and T 3 as triangles. Label the elements of as follows: T * = r 1 s 1 r 2 , T 1 = s 1 r 2 s 2 , T 2 = r 2 s 2 r 3 , and T 3 = s 2 r 3 s 3 . Proposition 3.3 implies that r 2 r 3 ∈ C H and s 1 s 2 ∈ D H . Suppose, if possible, H has an S 10 -minor. Consider the subchain T 1 T 2 T 3 . Since S 10 has no triads, S 10 must be a minor of H/r 2 or H/r 3 , say H/r 2 . However, in H/r 2 , the element s 2 is in a nontrivial parallel class. Therefore, S 10 is a minor of H/r 2 \s 2 , which is a contradiction because H/r 2 \s 2 ∼ = M. Therefore, H cannot have an S 10 -minor. Similarly, by considering the subchain T * T 1 T 2 we can show that H has no S * 10 -minor. Next, by the construction of H, we see that r H = r M + 1 and E H = E M + 2. Since r H + r * H = E H , it follows that r * H = r * M + 1 and consequently, r H = r * H . Consider H/r 1 , which is a minor of H and therefore has neither S 10 -nor S * 10 -minor. Observe that r H/r 1 = r * H/r 1 − 1. Corollary 5.6 implies that H/r 1 is a minimal matroid. So H/r 1 ∈ . However, H/r 1 \s 1 ∼ = M and the theorem follows.
Suppose, if possible, M has no intersecting triangles and triads. Let X and Y be sets of elements which are not in any triangles and triads, respectively. Then E M = X ∪ Y because if there exists an element e in E M − X ∪ Y , then e is in both a triangle and a triad, which contradicts the assumption. Furthermore, since M is almost-regular and M/c ∈ , for some element c ∈ E M , it follows that c ∈ X ∩ C M and R M/c ∈ 0 2 4 . In particular, X ∩ C M = φ and by symmetry, Y ∩ D M = φ. Let t c be the number of elements of M/c which are not in any triad of M/c (and hence not in any triad of M.) Then Y − c ≤ t c . Moreover, t c = R M/c + b c , where b c is the number of basis points of the nontrivial type-1 fans that are stuck to F 7 to obtain M/c. Therefore, t c ≤ 6.
Therefore, E M ≤ 12 a contradiction.
THE BINARY ALMOST-REGULAR MATROIDS WITH AT LEAST ONE REGULAR ELEMENT
Let A and B be the classes of three-connected binary almost-regular matroids with no S 10 -minor and no S * 10 -minor, respectively. Then Theorem 6.2 determines completely the matroids in A ∩ B. In this section, we first prove that a three-connected binary almost-regular matroid with both S 10 -and S * 10 -minors must have zero regular elements; i.e., we prove that the matroids in A ∩ B have zero regular elements. Then using Theorems 5.3 and 6.2 we determine the three-connected binary almost-regular matroids with no S * 10 -minor and with R M ≥ 1; i.e., we determine the matroids in A ∪ B with R M ≥ 1. Combining this result with the previous result we obtain all the binary almost-regular matroids with R M ≥ 1. Proof. We prove this result by induction on E M . Since r S 10 = 4 and C S 10 = 3, r S 10 = C S 10 + 1. So the result holds for S 10 . Since S 10 has no binary three-connected almost-regular extensions, there exists an element e ∈ C M such that M/e has an S 10 -minor. Let N = M/e\X be the parallel simplification of M/e, where X is the set of elements in parallel with elements in M/e. Then N is a three-connected almost-regular matroid with an S 10 -minor and consequently, R N = R M = 
Lemma 7.3. Suppose N = S 3n+1 \X, where X ⊆ D S 3n+1 such that for every i ∈ 1 n , X ∩ a i b i = 1 and N has no elements in series. Then N ∼ = M S n * for n ≥ 3 and S odd. Conversely, M S n * with n ≥ 3 and S odd is isomorphic to a restriction of S 3n+1 .
Proof. Observe that, N/z ∼ = M W n , since S 3n+1 /z is isomorphic to a parallel extension of M W n with each pair of elements a i b i in a parallel class. So N * \z ∼ = M W n and N ∼ = M S n * . It remains to show that S is odd. Without loss of generality, assume that b 1 ∈ X. Observe from Fig. 2 that when X = b 1 b n , N is isomorphic to a series extension of M W n with spokes a 1 a n , rim elements c 1 c n , and with z in series with c n . So there must be an i = 1 such that a i ∈ X. When X = b 1 b i−1 a i a n then N is isomorphic to a series extension of M W n with spokes a 1 a i−1 b i b n , rim elements c 1 c n , and with z in series with c 1 . So there exists j such that 1 < i < j and b j ∈ X. Therefore, we may assume that b 1 a i b j ∈ X. Let Y = C S 3n+1 \ c 1 c i c n . Observe that, N/Y is isomorphic to a parallel extension of F * 7 . Therefore, N is nonregular and Proposition 4.4 implies that S is odd. Moreover, c i ∈ S if and only if c i is not in any triangle of N with two elements in D S 3n+1 − X.
Next, we will show that every M S n * with S odd is of the form S 3n+1 \X by constructing a set X with n elements such that X ∩ a i b i = 1. Label the rim elements of M S n by y 1 y n and the spokes by c 1 c n such that c i−1 y i c i is a triangle of the wheel and label element x by z. Let X = x 1 x n , such that x i y i = a i b i . As a i b i c i−1 c i is a cocircuit of S 3n+1 , it follows that c i−1 y i c i is a triad of S 3n+1 \X or a triangle of S 3n+1 \X * . Thus triangles c i−1 c i y i are common in M S n \z and S 3n+1 \X * . As S 3n+1 \X * \z is isomorphic to a wheel, these two matroids are equal provided y i c i y i+1 is a triad in one of them if and only if it is a triad in the other. Observe that y i c i y i+1 is a triad in S 3n+1 \X * if and only if y i c i y i+1 is a triangle in S 3n+1 \X and y i c i y i+1 is a triangle in S 3n+1 \X if and only if y i y i+1 ∈ a i a i+1 b i b i+1 . Note also that, y i c i y i+1 is a triad in M S n if and only if c i ∈ S. Thus to make S 3n+1 \X * and M S n equal we choose x 1 x n inductively as follows: Let x 1 = a 1 . Suppose that x 1 x i have been choosen, select x i+1 such that x i+1 x i ∈ a i+1 a i b i+1 b i if and only if c i ∈ S.
Theorem 7.4. M is a binary three-connected almost-regular matroid with no S *

-minor and R M ≥ 1 if and only if M is isomorphic to a threeconnected restriction of S 3n+1
, where n = r M − 1.
Proof. Suppose M is isomorphic to a three-connected restriction of S 3n+1 . Then R M ≥ R S 3n+1 = 1 and M has no S * 10 -minor since S 3n+1 has no S * 10 -minor. Conversely, suppose M is a binary threeconnected almost-regular matroid with no S * 10 -minor and R M ≥ 1. Since 1 m n r and 2 m n r have zero regular elements, Theorem 5.3 implies that for some Y ⊂ E M , M\Y = N, where N ∼ = M S n * for n ≥ 3 and S odd. For every element y ∈ Y , define M y = M\ Y − y . Observe that M y is almost-regular. Suppose, if possible, M y is not threeconnected. Then y is a coloop or y is in a nontrivial series class in M y . If y is a coloop of M y , then M\Y = M\ Y − y /y and both M\y and M/y are nonregular, a contradiction. If y is in a nontrivial series class in M y , then M\Y has y as a coloop, where y y is contained in a nontrivial series class of M y , a contradiction. Therefore, M y is a three-connected almost-regular matroid with no S * 10 -minor, R M ≥ 1 and M y \y = N, where N ∼ = M S n * for n ≥ 3 and S odd. The next lemma proves that M y is a three-connected restriction of S 3n+1 .
Lemma 7.5. Let M be a binary three-connected almost-regular matroid with no S
show that the result holds up to rank 6 and 12 elements. So, we may assume that r M ≥ 7; that is, n ≥ 6 and E M ≥ 14. Lemma 7.3 implies that N = S 3n+1 \X, where X ⊆ D S 3n+1 such that for every i ∈ 1 n , X ∩ a i b i = 1. Let X ∩ a i b i = x i and E N ∩ a i b i = y i . When R N ≤ 2, the anchor z of S 3n+1 is well defined and is the same as the anchor of N. When R N = 4, the anchor z of S 3n+1 can be any of the four elements in R N . In this case let R N = c c n . Moreover, z 3 = z 4 since c 3 c 4 y 3 y 5 is not a circuit. Similarly, z 1 = z n . As there are only three possibilities for z i , it follows that z 4 = z 5 = · · · = z n−1 . Therefore, c i and c j are consecutive for i j ∈ 4 5 n − 1 . Since n ≥ 6, Z ≥ 5 and we can choose nonconsecutive c i and c j , a contradiction.
Returning to the proof of Theorem 7.4, we see that when R N ≤ 2, then M y has the same anchor as S 3n+1 for all y ∈ Y , and the theorem holds. Therefore, suppose M y \y ∼ = N, where R N = 4. Lemma 7.5 implies that y ∈ b 1 a 2 b 3 a 4 a 5 a n . If y ∈ b 1 a 4 , then we can replace N by N = M y \a 1 , where N ∼ = M S n * with S = 3 and exactly two consecutive spokes. In particular, R N = 2. If y ∈ a 5 a n , then we can replace N by N = M y \b i , where N ∼ = M S n * and R N = 1. Finally, if y ∈ a 2 b 3 , then adjoining either a 2 or b 3 to N gives M s i s i+1 s i+2 n + 1 \s i and adjoining both gives M s i s i+1 s i+2 n + 1 , which is a restriction of S 3n+1 .
Corollary 7.6. M is a binary three-connected almost-regular matroid with R M ≥ 1 if and only if M or M
* is isomorphic to a three-connected restriction of S 3n+1 for n ≥ 2.
Proof. The proof follows from Proposition 7.2 and Theorems 6.2 and 7.4.
THE BINARY ALMOST-GRAPHIC MATROIDS
Recall that, A and B are the classes of binary three-connected almostregular matroids with no S 10 -minor and no S * 10 -minor, respectively. In this section we prove that the matroids in A ∪ B with zero regular elements are not almost-graphic. This gives us the binary three-connected almost-regular matroids with no M E 5 -minor. Specifically, we prove that the binary almost-regular matroids with an S 10 -or an S * 10 -minor and with R M = 0 must have an M E 5 -minor with one exception, the matroid X 12 , for which a binary matrix representation is shown below: 
Observe that X 12 is self-dual. For e ∈ 1 9 11 12 , X 12 \e ∼ = S * 13 / b 3 a 4 and X 12 /e ∼ = parallel extension of M * K 5 \e ; e ∈ 3 5 6 7 , X 12 \e is a series extension of M K 5 \e and X 12 /e ∼ = S 13 \ b 3 a 4 ; for e ∈ 2 4 , X 12 \e is cographic and X 12 /e ∼ = parallel extension of P * 9 ; and for e ∈ 8 10 , X 12 \e is a series extension of P 9 and X 12 /e is graphic. So X 12 is almost-regular but not almost-graphic with both an S 10 -and an S Theorem 8.1. If M is a binary three-connected almost-regular matroid with an S 10 -or S *
-minor and R M
Proof. Let M be a three-connected binary almost-regular matroid with an S 10 -minor and with R M = 0. If M has an S * 10 -minor we can replace M with M * and proceed in the same way. The proof is by induction on E M . Lemmas 1 and 4 in the Appendix show that the result holds up to rank 6 and 12 elements and Lemma 5 shows that M cannot have X 12 as a minor. Therefore, we may assume that E M ≥ 13.
Let H = M\X/Y be isomorphic to S 10 , where
For every x ∈ X, let M x = M\x/Y x be the series simplification of M\x, where Y x is the set of elements in series with elements in M\x. For every y ∈ Y , let M y = M/y\X y be the parallel simplification of M/y, where X y is the set of elements in parallel with elements in M/y. Observe that each of M x and M y is a three-connected matroid with an H-minor. If either R M x = 0 or R M y = 0, then the result holds by the induction hypothesis. Therefore, we may suppose that both R M x = R M y = 1 and R M x = R M y = z .
We will first prove that Y ⊆ R M/z . Observe that, for every y ∈ Y , since M\y is regular, M\y/z is regular. Suppose, if possible, there exists y ∈ Y , such that M/ y z is nonregular. Then, either M/ y z \X y is nonregular or z is in parallel with some element in M/y. In the first case, M/y\X y /z = M y /z is nonregular, a contradiction because z ∈ R M y . In the second case, M/y\z is nonregular. Therefore, M\z is nonregular, a contradiction because z ∈ C M . Therefore, for every y ∈ Y , M/ y z is regular. So y ∈ R M/z and consequently, Y ⊆ R M/z .
Next, we will prove that either X ⊆ R M/z or Y = 1 and X − R M/z ≤ 1. Observe that, for every x ∈ X, since M/x is regular, M/ x z is regular. Suppose there exists x ∈ X, such that M/z\x is nonregular. Then either M/z\x/Y x is nonregular or z is in series with some element e ∈ E M\x . In the first case, M\x/Y x /z = M x /z is nonregular, a contradiction because z ∈ R M x . In the second case, let z e be contained in a series class of M\x. Then, since M is binary, z e is a series-class of M\x and since M is three-connected, z e x is a triad of M. So e ∈ Y x . Suppose, if possible, there exists y ∈ Y − e. Then z and e are in series in M\x/y. Therefore, M\x/ y z is nonregular and consequently M/ y z is nonregular. We reach a contradiction as in the previous paragraph. Hence Y = 1. Suppose, if possible, there exists x ∈ X − x. If x ∈ R M/z , then by a similar argument, z e x is a triad for some element e ∈ Y . Since Y = 1, e = e. So z e x and z e x are triads; a contradic-tion since M is three-connected and binary. Therefore, for all
Thus * is isomorphic to a three-connected restriction of S 3n+1 for n ≥ 3, 1 m n r or 2 m n r for m n r ≥ 1.
Proof. The proof follows directly from Theorems 6.2, 7.4, and 8.1.
Observe that, the binary almost-graphic theorem (Theorem 2.1) follows directly from Corollaries 8.2 and 1.5 and the facts that M E 5 and X 12 are not almost-graphic.
9. THE NONBINARY ALMOST-GRAPHIC MATROIDS Theorem 1.1 implies that a three-connected almost-binary matroid M other than U 2 n and U n−2 n and with rank and corank exceeding 2 can be obtained from a three-connected binary matroid N by relaxing a circuit hyperplane. Observe that if M is almost-regular, then N is almostregular. Therefore, to determine the nonbinary almost-regular matroids we must first determine the binary almost-regular matroids with circuit hyperplanes. In [10] Truemper gave an elegant algorithmic characterization for a subclass of the almost-regular matroids. In particular, Truemper defines con elements = e ∈ E M M/e is regular and del elements = e ∈ E M M\e is regular and requires that the con elements form a cocircuit cohyperplane and the del elements form a circuit hyperplane. Proof. We will first prove by induction on E M that C M is a circuit. Lemma 1 in the Appendix shows that the result holds up to 11 elements. Suppose E M ≥ 12. Since M has an M E 5 -minor, R M = 0 and E M = C M ∪ D M . Suppose there exists x ∈ D M , such that M\x has an M E 5 -minor. Let M x = M\x/Y x be the series simplification of M\x, where Y x is the set of elements in series with elements in M\x. Then M x is three-connected and has an M E 5 -minor. By the induction hypothesis, C M x is a circuit in M x . However, C M x = C M − Y x . So C M is a circuit in M\x. Since x ∈ C M , C M is a circuit in M and we are done. Therefore, assume that for some
Then for every y ∈ Y , since M/y is three-connected and has an M E 5 -minor, by the induction hypothesis, C M/y is a circuit in M/y. However, C M/y = C M − y. So C M or C M − y is a circuit in M. If C M is a circuit in M, then we are done. Suppose C M − y is a circuit in M. Then for every y ∈ Y , C M − y is a circuit in M. Since M has no parallel elements, it follows that Y ≤ 1. Therefore, M has at most 11 elements, a contradiction. It remains to show that C M is a hyperplane. Since M E 5 is self-dual, M * has an M E 5 -minor. So C M * = D M is a circuit of M * and therefore a cocircuit of M. It follows that C M is a hyperplane since it is the complement of a cocircuit.
Returning to the proof of Proposition 9.1, we examine the threeconnected binary almost-regular matroids with no M E 5 -minor. If R M = 4, then M or M * is isomorphic to M s i s i+1 s i+2 n for n ≥ 4 or its three-connected single-element deletion. The family M s i s i+1 s i+2 n and its three-connected single-element deletion have two distinct circuit hyperplanes contained in C M ∪ R M , namely, the rim elements and the rim elements with r i r i+1 replaced by s i+1 x. Relaxing either of these two hyperplanes gives isomorphic matroids. If R M = 2, then M or M * is isomorphic to M s i s i+1 s k n for n ≥ 5 or its threeconnected single-element deletions. The family M s i s i+1 s k n and its three-connected single-element deletion have a unique circuit hyperplane contained in C M ∪ R M , namely, the rim elements. If R M = 1, then M or M * is a three-connected restriction of S 3n+1 . The family S 3n+1 and its three-connected restrictions with exactly one regular element have a unique circuit hyperplane, namely, C M ∪ R M . The matroid X 12 has zero regular elements and a unique circuit hyperplane, namely, C X 12 . Lastly, the family 2 m n r and its single-element deletions have a unique circuit hyperplane, namely, C M . However, the family 1 m n r has no circuit hyperplanes and therefore, it does not satisfy Truemper's condition. The result follows from Corollary 8.2 and Lemma 9.2. Proof. First suppose that M = M G is a three-connected graphic matroid with n vertices and no isolated vertices and with a circuithyperplane C. Then C is a flat with exactly n − 1 vertices. Suppose the remaining vertex is v. Then since G is three-connected, each vertex of C must be connected to v. Therefore G ∼ = W n .
Next, suppose that M is regular. Theorem 1.3 implies that M is graphic or cographic or has a minor isomorphic to R 10 or R 12 . If M is graphic or cographic, then M ∼ = M W n . Observe that R 10 is a splitter for regular matroids and R 10 has no circuit hyperplane. We will show that if M has an R 12 -minor, then M has no circuit hyperplane. The proof is by induction on E M . The result holds for R 12 , so assume that E M ≥ 13. Suppose, if possible, M has a circuit hyperplane C. Since M has an R 12 -minor, M = M 1 ⊕ 3 M 2 , where T = E M 1 ∩ E M 2 is a triangle and M 1 and M 2 are regular but not isomorphic to wheels since R 12
By the definition of the three-sum, C = X 1 X 2 , where X i , for i = 1 2 , is a circuit in M i and
Observe that Z = 3 because otherwise X 1 = X 2 = T and C = φ. If Z = 2 then X i T is a circuit in M i that meets T in just one element. If Z = 1, then X i is a circuit in M i that meets T in just one element. Let C i = C ∩ E M i . Then, in either case, for every i, there exists t ∈ T , such that C i ∪ t is a circuit in M i .
Next, we will prove that for every i, r M i = C i + 1. Since C i is independent, r M i ≥ C i . Suppose if possible, r M i ≥ C i + 1 for both i. Then
So we must have equality throughout and r M i = C i + 1 for both i. Therefore, suppose this is not the case, and r M i = C i for some i. Then C i is a basis for M i and therefore spans M i . As C i does not span any element in E M − C, it follows that
Finally, we will prove that for some i, C i ∪ t is closed. Observe that C i does not span elements in E M i − C i ∪ T . Suppose, if possible, for every i, C i ∪ t spans another element s ∈ T − t. Then there is a circuit C such that s ∈ C ⊆ C i ∪ t. Taking the symmetric difference of C i ∪ t, C , and T we see that C i spans the third element in T . So for every i, C i spans T . For t ∈ T , there exists C i t ⊂ C i such that C i t ∪ t is a circuit of M i . Therefore, C i t ∪ t C 2 t ∪ t = C 1 t ∪ C 2 t is a circuit of M contained in C. So C 1 t ∪ C 2 t = C and C i t = C i . When s t ∈ T , then C i ∪ t C i ∪ s = s t is a circuit of M, a contradiction. Thus we have shown that for some i, C i ∪ t is a circuit hyperplane in M i . By the induction hypothesis,
Proof of Theorem 2 2. Suppose M is a three-connected almost-graphic matroid. If M is binary then the result follows from Theorem 2.1. If M is nonbinary, then Theorem 1.1 implies that M is isomorphic to U 2 n or U n−2 n for some n ≥ 4 or M can be obtained from a three-connected binary almostgraphic matroid N by relaxing a circuit hyperplane. Propositions 9.1 and 9.3 imply that the binary almost-regular matroids with circuit hyperplanes are three-connected restrictions of S 3n+1 , 2 m n r , and M W n . Finally, observe that the whirl W r is obtained from M W r by relaxing a circuit hyperplane.
APPENDIX
We now give the detailed computations postponed from the previous sections. The matroids are binary and we represent them by matrices with entries over GF 2 . The extensions computed are three-connected singleelement extensions. If A is an r × n matrix with column labels 1 2 n andx is a 1 × r column vector, then A ∪x will denote the r × n + 1 matrix A with the columnx affixed at the end. The three-connected single-element extensions of P 9 and P * 9 are computed in detail in [3, 5] . The matrices X and Y representing P 9 and P * 9 , respectively, are shown below: Suppose that columnx = x 1 x 2 x 3 x 4 T is adjoined to X, the matrix representing P 9 . There are seven choices forx. The corresponding singleelement extensions are shown in Table II . Observe that S 10 is the only extension of P 9 that is almost-graphic.
Suppose that columnx = x 1 x 2 x 3 x 4 x 5 T is adjoined to Y , the matrix representing P * 9 . There are 22 choices forx. Label these choices as x 1 = 11000 x 2 = 11111 x 3 = 10001 x 4 = 01001 x 5 = 10110 x 6 = 01110 x 7 = 10010 x 8 = 01010 x 9 = 10101 x 10 = 01101 x 11 = 10100 x 12 = 01100 x 13 = 10011 x 14 = 01011 x 15 = 11100 x 16 = 11011 x 17 = 11101 x 18 = 11001 , x 19 = 00111 x 20 = 00110 x 21 = 00101 , and x 22 = 00011 . Note that when computing the extensions of E 1 , E 4 , E 5 , and A 11 we need only consider columns among x 1 x 14 since the rest give matroids that are not almost-regular. When computing extensions of B 5 11 C 5 11 F 5 11 A 5 12 , 
Matrix
Extension Columns Name Description X (P 9 , ext1) (1110) P 9 ext1 \8 9 ∼ = AG 3 2 (P 9 , ext2) (1010)(0110)(1001)(0101) S 10 almost-graphic (P 9 , ext3) (0011) P 9 ext3 \3 ∼ = sp-ext of F 7 P 9 ext3 /3 ∼ = p-ext of F 7 X ∪ 1010 (S 10 , ext1) (0011)(0101)(0110) S 10 ext1 \10 ∼ = P 9 ext3 (S 10 , ext1) (1110)(1001) S 10 ext3 \10 ∼ = P 9 ext1
and A 5 13 we need only consider columns among x 1 x 2 x 5 x 7 x 9 x 13 and for D 5 11 , E 5 11 , B 5 12 , and C 5 12 we need only consider columns among x 1 x 2 x 5 x 9 x 13 .
Lemma 1. Up to rank 5, the binary three-connected almost-regular matroids with
(i) R M ≥ 1 are isomorphic to F 11 or to restrictions of S 13 ; (ii) no S 10 -minor are isomorphic to M E 5 or to restrictions of M S n for n ≤ 5 and S odd (of these, M S n for n ≤ 5 and S odd are minimal and Proof. Up to rank 4, Table II shows that the binary three-connected almost-regular matroids with no S 10 -minor are F 7 ∼ = M s 1 s 2 s 3 3 , P 9 ∼ = M s 1 s 2 s 3 4 , and their three-connected restrictions. Table III shows that P * 9 has three almost-regular single-element extensions, E 1 , E 4 , and E 5 .
The matroid E 1 has two extensions with no S 10 -minor, A 5 11 and B 5 11 , and two extensions with an S 10 -minor, C 5 11 and D 5 11 . The matroid E 4 has two extensions with no S 10 -minor, B 5 11 and F 5 11 , and two extensions with an S 10 -minor, C 5 11 and D 5 11 . The matroid E 5 has two extensions both of which have an S 10 -minor, D 5 11 and E 5 11 . Moreover, E 5 , D 5 11 , and E 5 11 have zero regular elements. All of the 12-and 13-element matroids in the table have an S 10 -minor and the only extensions without zero regular elements are A 5 12 and A 5 13 . Observe that each of B 5 12 , C 5 12 , and B 5 13 has an M E 5 -minor, and x 15 x 16 E 2 E 2 /5\9 ∼ = AG 3 2 P * 9 ext3
x 17 x 18 E 3 E 3 /5\9 ∼ = AG 3 2 P * 9 ext4
x 3 x 10 E 4 almost-wheel P * 9 ext5
x 11 x 12 x 13 x 14 E 5 almost-regular P * 9 ext6
x 19 E 6 E 6 \3 ∼ = s-ext of F 7 E 6 /3 ∼ = p-ext of S 8 P * 9 ext7
x 20 x 21 E * 6 P * 9 ext8
x 22 E 7 E 7 \3 ∼ = P Y ∪ x 3 x 1 x 2 x 9 A 5 13 ext1 x 13 A 5 13 ∪ x 13 \ 6 8 11 ∼ = E 6 -minor F 7 and F * 7 are trivially irreducible and F 11 is irreducible since it has no triads. Finally, C M = 2 3 4 5 6 is a circuit hyperplane for matroids D 5 11 and E 5 11 when they are represented by matrices Y ∪ x 2 x 11 and Y ∪ x 11 x 13 , respectively. Proof. Since S 10 has no almost-regular extensions, M has a minor isomorphic to the rank 5 matroids M E 1 , M E 4 , or M E 5 . Since C E 1 = 3, C E 4 = 4 and C E 5 = 5 it follows that C M ≥ 3. Next, observe that, if H = M\X/Y is an almost-regular minor of M then C M ≥ Y + C H . Therefore, if r M ≥ 6 then Y ≥ 1 and the result follows.
Suppose that columnx = x 1 x 2 x 3 x 4 x 5 x 6 T is adjoined to each of the matrices A * For each of these columns the sixth element can be a zero or a one. Therefore, the columns that can be added to A * 5 11 are x 2 0 = 111110 , x 2 1 = 111111 x 3 0 = 100010 x 3 1 = 100011 x 4 0 = 010010 , x 4 1 = 010011 x 5 0 = 101100 x 5 1 = 101101 x 6 0 = 011100 x 6 1 = 011101 x 7 0 = 100100 x 7 1 = 100101 x 8 0 = 010100 x 8 1 = 010101 x 9 0 = 101010 x 9 1 = 101011 x 10 0 = 011010 x 10 1 = 011011 x 11 0 = 101000 x 11 1 = 101001 x 12 0 = 011000 x 12 1 = 011001 x 13 0 = 100110 x 13 1 = 100111 x 14 0 = 010110 x 14 1 = 010111 1 = 100001 2 = 010001 3 = 001001 4 = 000101 5 = 000011 7 = 011110 8 = 101110 9 = 110100 10 = 111100 , and 11 = 110000 .
Next, observe that D * 5 11 /6 ∼ = E 1 . Therefore, the columns that can be added to D * 5 11 are x 2 0 x 14 1 , 1 , 2 , 3 , 4 , 5 , as shown above, as well as 7 = 011110 8 = 101111 9 = 110100 10 = 111101 , and 11 = 110001 . However, D * 5 11 /5 ∼ = E 5 . The columns that can be added to this version of E 5 are x 2 = 11111 x 11 = 10100 x 13 = 10011 x 18 = 11001 , and x 23 = 11010 . Therefore, the columns that can be added to D * 5 11 must be among x 2 0 = 111101 x 2 1 = 111111 x 11 0 = 101000 x 11 1 = 101010 x 13 0 = 100101 x 13 1 = 100111 x 18 0 = 110001 x 18 1 = 110011 x 23 0 = 110100 x 23 1 = 110110 1 = 100010 2 = 010010 3 = 001010 4 = 000110 6 = 000011 7 = 011101 8 = 101100 9 = 110111 10 = 111110 and 11 = 110010 . Intersecting the above two sets we see that the only columns we must consider are x 2 0 x 2 1 x 3 0 x 4 0 x 5 0 x 6 1 x 7 1 x 9 0 x 11 0 x 13 1 5 , 9 10 , and 11 .
Similarly, observe that C * 5 11 /6 ∼ = E 1 . Therefore, the columns that can be added to C * 5 11 are x 2 0 x 14 1 1 2 3 4 5 as well as 7 = 011110 8 = 
